FUNCTIONAL EQUATION FOR THETA SERIES 



JAE-HYUN YANG 

Abstract. In this short paper, we find the transformation formula for the theta series 
under the action of the Jacobi modular group on the Siegel-Jacobi space. This formula 
generalizes the formula (5.1) obtained by Mumford in 3 , p. 189]. 



1. Introduction 

For a given fixed positive integer g, we let 

u g = {n e c (9 ' 9) I n = % imft>o} 

be the Siegel upper half plane of degree g and let 

r 9 = {7£ % {2g > 29) I V ff 7 = J g } 

be the Siegel modular group of degree g, where F^ k ' 1 ^ denotes the set of all k X I matrices 
with entries in a commutative ring F for two positive integers k and /, t M denotes the 
transpose matrix of a matrix M, Im Q denotes the imaginary part of £1 and 



J 9 



Ig 

-Ig 



For two positive integers g and m, we consider the Heisenberg group 

H { z 9 ' m) := { (A,m;«) I A, n G 1 {m ' 9 \ k G Z (m ' m) , K + fi'X symmetric} 
endowed with the following multiplication law 

(A,/u;k) o (A',//; k!) := (A + A',/x + //; k + k' + A V - M*A'). 

We let 

Tg,m := T 9 x H^' m ^ (semi-direct proudct) 
be the Jacobi modular group endowed with the following multiplication law 

(7, (A, n; «)) • (7', (A', //; «')) = (77, (A + A', ju + //; « + «' + A V - ju 4 A')) 

with 7,7' G r fl , A, \',fi,n' G Z^), k, k' G Z( m ' m ) and (A, /I) = (A,/i)y. Then r g , m acts 
on the Siegel-Jacobi space H fl)Tn := H g x C^" 1 ' 9 ) properly discontinuously by 

(1.1) (7, (a, fi; «)) • (o, z) = + s)(co + d)-\ (z + xn + fi){cn + d)- 1 ), 

where 7= ^ ^ G T g , ^eZ^, k G Z( m > m ) and (O, Z) G H s>m (cf. [S], 0, [IT], [IJ). 
A fundamental domain for r ff)m \lrl ffim was found by the author in pjj]. Let T$^ g be the theta 
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'A B 

sistmg ot all element 7 = I 
t AC and t BD are even integers. We set 



group consisting of all element 7 = I ^ ^ J € T 5 such that the diagonal entries of matrices 



1 &,g,m ■— 1 ti,g K 

We consider the theta series 

(1.2) e(n,z)-.= e ma( > AntA+2Atz \ (n,z)em 9jm . 

Here cr(T) denotes the trace of a square matrix T. 

In O p. 189], Mumford considered the case m = 1 and proved the following functional 
equation 

(1.3) Q((An + B)(cn + d)-\ z{cn + d)- 1 ) 

= C ^ e ^HZ(ca+D)^c*z} det (cn + D)V 2 @(n,Z), 

where 7 = € r,# jg and £(7) is an eighth root of 1. In this short article, we consider 

the case of an arbitrary positive integer m and then prove the following functional equation. 

Theorem 1.1. For any 7 = (7, (A, fi; k)) 6 ^^, g , m with 7 = 6 ^^, g , we obtain the 

following functional equation 

(1.4) 9((Afi + B)(Ctt + (Z + AO + + D)' 1 ) 

= ^^Uz+xn+^cn+Dy^iz+xn+^xn^^z} det (cn + £>)f 9(0, Z), 

where £(7) is an eighth root of 1. 

We observe that the formula (1.4) generalizes the formula (1.3) with m = 1 and A = /i = 0. 
For a positive integer iV, we put 

r (iV) = {r ^ €5L(2,Z)| c = 0(modi\T) 

and 

0( T ) = ^ e 2 " rV , re Hi. 

r=— oo 

In [21 (Werke) pp. 939-940], Hecke showed that 

(1.5) 6{(aT + b)(cT + d)- l )=e d 1 Q (cr + d) 1 ' 2 9{r), f° ^ G T (4), 

where = 1 or % according to d = 1 or 3 (mod 4) and (#) denotes the quadratic residue 
symbol (cf. [6, p. 442]). 

Notations : We denote by Z and C the ring of integers, and the field of complex numbers 
respectively. C x denotes the multiplicative group of nonzero complex numbers. The symbol 
":=" means that the expression on the right is the definition of that on the left. For 
two positive integers k and I, F^ k ^ denotes the set of all k X I matrices with entries in 
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a commutative ring F. For a square matrix A G F^ k,k "> of degree fc, cr(A) denotes the 
trace of A. For any M G F^ k ' l \ t M denotes the transpose matrix of M. I n denotes the 
identity matrix of degree n. We put i = \f— T. For z G C, we define z 1 / 2 = y/z so that 
— 7r/2 < arg(z 1 / 2 ) < 7r/2. Further we put W 2 = (z 1 / 2 )^ for every k£Z. 



2. Proof of Theorem 1.1 

Let 7 = (7, (A, fi; k)) be an element of T g ^ m with 7 = G T g and (17, Z) G H 3jm 

with 17 G M 9 and Z G C^). If we put (0*, Z*) := 7 • (O, Z), then we have 

Q* = 7 . n = (AU + B)(Ctt + d)- 1 , 

z* = (z + ao + n)(cn + d)~ x . 

First of all we shall show that if the formula (1.4) holds for 71, 72 G r Sim , then it hold 
for 7i72- To prove this fact, we consider the function J : F g>m x M. giTn — > C x defined by 

jf~ r?^\ ._ e iria{ (z+\n+fi)(cn+D)- 1 c t (z+\n+n)-\n t \-2\ t z-K-fi, t \} 

where 7 = (7, (A,yu; «)) G r ff>m with 7 = ^ ^ G T 9 , A,/i G « G Z( m > m ) and 

(0, Z) G H 9j?n . By a direct computation or a geometrical method (cf, |5j, p. 1332]), we can 
show that J is an automorphic factor for r 5jjn on Hg jTn , that is, it satisfies the following 
relation 

J(7i72, (n, Z)) = J(7i,72-(0, Z)) J(7 2 , («, Z)) 

for any 71, 72 € F g , m and (fi, Z) G H Sim . It is easy to see that the map J* : r 9/m x H S)m — ► 
C x defined by 

J*(7,(Q,Z)) := j(j,{n,Z))-det{Cn + D)f 
is an automorphic factor for r 9 . m on H S)m , where 7 = (7, (A, m;k)) G r gj?ri with 7 = 
G F g and (O, Z) G Mg >m . It is easily seen that J* (7, (0, Z)) can be written as 

jJj,(Sl,Z)) = e -^^+A' t A). e T^{(^+An+ M )(ra+D)- 1 c'(z+An+^)-An'A-2A t z} det(Cft+£>)^. 

We observe that e - 7 ™°'( re +/ 1 A) _ _|_^ because <t(k + /u*A) is an integer. Thus we see that if 
the formula (1.4) holds for 71, 72 G F g ,m, then it hold for 7172- 

We recall (cf. [U p. 326], O p. 210]) that T g is generated by the following elements 

t (B): = ^ with any B = l B G Z^' a \ 

( l a A 

50(a) : = I Q q _! I with any a G GL(g,Z), 
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Obviously the following matrices 

t e (B) : = ^ with any B= l B£ Z^ 9 ' a) even diagonals, 

( l a \ 

5o (a) : = n ™-i Wlth an y a G GL(g,Z), 



of 

-/ fl 
J ff 



generate the theta group T^ >g . Therefore the following elements s(A,/x;k), t(-B), 5(a) and 
o g of r^ i9im defined by 

s(A, /x; k) = (J 2fl , (A, k)) with A, n G and « G z( m ' m ) , 

= q 9 f ) . (0. °; °)) with an y B = l B e Z (9 > 9) even diagonals, 

9(a) = ,(0,0;0)) with a G GLfoZ), 

~o')' (0 ' 0;0) ) 

generate the group T^ 9jm . 

Case I. 7 = s(\,u;k) with A, // G Z^ and k G z( m ' m ). 
In this case, we have 

0* = and Z* = Z + Af2 + /x. 

Then we have 



- £ • 



8(^,Z + A0 + / u) 

m a{ AQ <A+ 2 A XZ+XU+ii) } 
A£Z( m 'S) 

_ e -Tria(\n t \+2\ t Z) e nia { (A+\)n\A+\)+2(A+\) t z} 

= e- ma(xntx+2Xtz ^e(n,z). 

Here we may take £(7) = 1- Therefore this proves the formula (1.4) in the case 7 = s(A, \i\ k). 

Case II. 7 = t{B) with B= l B G Z^) even diagonal. 
In this case, we have 

= $7 + I? and Z* = Z. 
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Then we have 

e(Q + B,Z) 

_ e nicr{A(n+B) t A+2A t Z} 

_ e nicr(An t A+2A t Z) _ ^ia(AB l A) 

= e ™°{^A+2Atz) (because a(AB t A) S 2Z) 

= Q(n,z) 

Here we note that a{AB t A) S 2Z because the diagonal entries of B is even integers. Now 
we may take £(7) = 1. Therefore this proves the formula (1.4) in the case 7 = t(B). 

Case III. 7 = g(a) = ( [ " ^ j ,(0,0;0) J with a G GL{g,Z). 



In this case, we have 
Then we obtain 



a 

17* = *af2 a and = Za. 



0(*afta,Za) 

_ e mv{A( t ana) t A + 2A t (Za)} 

_ ^2 e 7Tia{(A t a)n t (A t a) + 2(A t a)Z} 

Aez( m -9) 

= e(n,z). 

We observe that the formula (1.4) reduces to the formula 

(2.1) 0(*afta,Za) = ((7) ( det a~ l ) m/2 9(0, Z). 

If we take £(7) = (deta)"^ 2 , the formula (2.1) coincides with Q(Q,Z). Since det a = 
±1, £(7) is a fourth root of 1. Therefore this proves the formula (1.4) in the case 7 = g(ct) 
with a £ GL(g,Z). 

Case IV. 7 = <x ff = ( ( ° ,(0,0; 0)) . 

In this case, we have 

= -fT 1 and Z* = zn- 1 . 
We can prove the formula (1.4) using the Poisson Summation Formula. 

Lemma 2.1. For a fixed element (f2, Z) £ IH 9jm , we obtain the following 

m 

| ( ^ xatx+2xtz )dx 11 ---dx mg = (det (7)) 2 e-^ zn ~ ltz \ 
where x = (xij) G M^). 
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Proof. By a simple computation, we see that 

iti<T(xQ t x+2x t Z) _ ^maiZQ,- 1 t Z) _ e nia{(x+Zn- 1 )n t (x+ZQ- 1 )} 

Since the real Jacobi group Sp(g,R) x H^' 9) acts on Mg jm holomorphically, we may put 
Q=iA t A, Z = iV, V = (v ij )£R M . 



I e «a(xn«x+2x*Z) da . ii ... da . TOfl 



= e" 


-■ni a{Z£l~~ 


ll Z) 


/ . 

JR(™,9) 


= e" 


-ni a{Z£l~~ 




/ . 


= e" 


-■ni a(ZQ~ 




/ . 


= e 


-ni a{Z£l~~ 


■ lt z) 


f . 


= e 


-ni a(ZQ~ 


xt Z) 


(det A) 


= e 


-ni cr(ZQ,~ 




(det A) 



e -™{{uA)XuA)} dun ... dUmg ( Put u = x + V{A t A)- 1 = (uij)) 
e~ na ( wtw \detA)- m dwn---dw mg ( Put w = uA = ( Wij ) ) 



nn / 



e 



(det 



e-^(zn-^z) ( det ('« 



This completes the proof of Lemma 2.1. □ 
For an element (fi, Z) G H ff>m , we define the function /n^ on M*" 1 ^) by 

(2.2) fa,z( x ) := e *M*n «z) ) x = ( x ..j € M Ks). 

By the Poisson summation formula, we obtain 

E /n,z(^)= E /n,^(^). 

where is the Fourier transform of given by 

h,z(v) = I h,z(x) e 2 *"^ dx u ■ ■ ■ dx mg . 

JM.(m,g) 

Then we have 
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@(n,z) = ]T faA A ) 



V f fn,z(x)e 2ma(txA) dxn---dx mg 

m 

£ (det(~n * e -^^+A)n-i^+A)} (by Lemma 2.1) 

: -Z(m, 9 ) ^ V Z / / 

j 2 ^ e -Tria(Zn- lt Z+AQ- lt A+2AQ- lt Z) 

(\ — 
^ j j 2 g-TricrCzn-^Z) ^ e «<T{(-A)(-n- 1 ) t (-A)+2(-A)*(ZQ-i)} 
^ Aez(™.9) 



Therefore we obtain the formula 

/ /Q\\ m / 2 

(2.3) ®{-{l-\Z£l- 1 ) = e ™<™ lt z) fdetf-J J 0(O,Z). 



The fact that C(7) 8 = 1 follows from the formula (2.3). Indeed we may take £(7) = 

/ j \m/2 

det I -4- J . Therefore this proves the formula (1.4) in the case 7 = a g . Finally we complete 



the proof of Theorem 1.1. 

Remark 2.1. Let m be an odd positive integer. According to the formula (1.4), we see that 
0(0, 0) is a modular form of half integral weight ^ with respect to F^ t9 (cf. [3j p. 200], [6]). 
We may say that the theta series 0(0, Z) is a Jacobi form of half integral weight ^ and 
index I m with respect to (cf. [8], [9]). This means that 0(0, Z) may be regarded as an 
automorphic form on a two-fold covering of the Jacobi group (cf. [5j). Indeed the theta 
series 0(0, Z) is closely related to the Weil representation of the Jacobi group (cf. [7J, [15]). 
The function /hz is a covariant map for the Weil-Schrodinger representation (cf. [13J). 

Remark 2.2. Olav K. Richter [3J obtained the transformation formula for theta functions 
that is more general than the formula (1.4). It is my pleasure to thank him for letting me 
know his paper [5J. But our proof is quite different from his. In fact, our formula (1.4) is a 
combination of the transformation laws (2) and (3) in |3J. 
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